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Engineering Department, Binghamton University
Binghamton, New York, 13902 USA

Abstract
Traditional MEMS filters use a comb drive structure that suffers from the pullin instability, which places a significant limitation on the achievable signal-tonoise ration of the sensor. Because the output signal from a capacitive sensor
is linearly related to the applied voltage, it is desirable to use a capacitive
sensor that can withstand large voltages upwards of 100V. However, the pull-in
instability causes high voltages to destroy the device and a trade-off between
performance and reliability must be made. Electrostatic levitation, which works
by pulling electrodes apart instead of together, eliminates the pull-in instability
and allows for very high voltages to be applied without damaging or destroying
the sensor/actuator. This study theoretically and experimentally demonstrates
that a filter based on electrostatic levitation eliminates the voltage limitation of
the capacitive sensor, which has historically hampered the performance of the
filter. A model of the filter is derived and validated with experimental data.
Voltages up to 100V are applied without damaging the filter.
Keywords: MEMS, Filter, Electrostatic Levitation, High Voltage

1. Introduction
Signal filtering is an extremely important process in many electronic systems. Filters remove unwanted frequency components from a signal such as
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those coming from environmental noise, nonlinearities in the system, or other
5

signals. This can be a critical when analyzing a signal or passing it to another
component, because in many cases signals may be heavily distorted from noise
such that no useful information can be extracted from them. Filtering can be
accomplished in many different ways. The first filters were made with simple
electronic circuts using resistors, inductors, and capacitors [1]. Filters can also
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be constructed with vibrating mechanical systems or with microprocessors integrated in electrical circuits. Each type of filter has its own advantages and
disadvantages. Digital filters, while having the potential to outperform analog
filters, are much more complex and require a microprocessor, which adds delay
and consumes external power. Analog filters, such as electrical and mechanical
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filters, are much less complex and require little to no input power. However,
their performance can be hindered by environmental changes such as temperature and fabrication imperfections. They also have other undesirable attributes
such as passband rippling and roll-off [1]. Ultimately, the application dictates
what type of filter is the most suitable, which is why both analog and digital
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filters are commonly used in many commercial products.
Electromechanical filters have been widely studied since the 1940s. These
filters utilize a resonating structure to filter out frequencies that are sufficiently
far from the natural frequency of the system [2]. Typically, they consist of an
electrically controlled actuator that is moving in response to an input signal.
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This motion is either mechanically or electrically transferred to a second structure (a sensor), which has its motion converted back to an electrical signal.
If the input signal is near the natural frequency, it will cause the actuator to
resonate, which will be transferred to the sensor and produce a large output
signal. If the input is away from a natural frequency, the actuator does not res-
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onate, and therefore the output signal from the sensor is significantly smaller.
This filtering process exploits fundamental phenomenon of coupled oscillating
structures [3, 4] and requires very little input power to operate. This is ideal
for applications such as wireless transmitters and receivers that benefit from
advantages of passive filters, which are very stable, cheap to manufacture, and
2
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easy to integrate in an electrical system.
Initially, electromechanical filters had numerous disadvantages because of
their cost and size. With the advent of metal-oxide-semiconductor (MOS) technology, switch-capacitor filters overtook electromechancial filters because they
could be miniaturized and incorporated into single-chip systems [5]. Some effort
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had been placed into creating very small electromechanical filters as early as the
1960s [6] because of the potential for tunability and low energy loss (high quality
(Q) factor)[7, 8]. However, the reliability of these filters were problematic and
could not be addressed at the time.
With advances in the micromachining process for microelectromechanical
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systems (MEMS), micromechanical filters were brought back into the spotlight
in the early 1990s because the issues of reliability and low Q factors could be
addressed. As early as 1992, Lin et. al. fabricated MEMS filters that used
resonance of mechanically coupled comb-drive oscillators to create band-pass
filters with a high degree of tunability and the potential for very large quality
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factors if operated in a vacuum [5]. The filters were operated by actuating one
comb-drive with an input voltage signal. The motion was transferred through
a weak coupling spring to a second comb-drive. This motion was detected with
a capacitive sensor. However, the quality factor was relatively low because the
devices were operated in air. The filter was subsequently redesigned in 1998 to
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be vacuum sealed and in this case quality factors of up to 2200 were achieved [9].
High quality factors produce very a sharp roll-off at the edge of the passband,
which is very desirable for filters.
Since then, capacitive MEMS filters have been further developed to obtain
large Q factors, higher center frequencies, and more frequency tunability [10,

60

11, 12, 13, 14]. Nearly all MEMS filters use an electrode configuration that is
analogous to a parallel-plate capacitor. This is the most common form of a
capacitive sensor because it produces a large capacitance, which creates a lot of
output signal. However, these devices are susceptible to the pull-in instability
if a large voltage is applied to the sensor.
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Pull-in occurs when the applied voltages causes the two electrodes to col3

lapse and stick together. If the electrodes are stuck there will be no change in
capacitance and the sensor will not work. This is a major limiting factor in electrostatic MEMS and is usually designed around at the expense of performance.
In an ideal capacitive sensor, a very large voltage would be applied to boost the
70

amount of output signal. Pull-in limits the maximum applied voltage and, in
turn, the total output signal the sensor can produce. Since the voltage is limited,
to increase the output, the capacitance can be increased by using a comb-drive
structure. However, increasing the capacitance also increases the electrostatic
force and lowers the pull-in threshold. Therefore, to get an optimal signal out
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of a capacitive sensor the voltage and capacitance need to be balanced.
One method of avoiding the pull-in instability is to use an alternative arrangement of electrodes that induces electrostatic levitation [15, 16, 17, 18, 19,
20, 21, 22]. Instead of pulling two electrodes together, electrostatic levitation
pulls two electrodes apart. A cross section of the electrode configuration is
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shown in Figure 1. This arrangement was first proposed in [16], and consists of
three electrodes fixed to a substrate with a fourth movable electrode (a beam)
suspended directly above the center fixed electrode. When a voltage is applied
to the side electrodes, the electric field pulls on the top of the beam more than
the bottom, and there is a net force upwards. The beam and center electrode
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are kept at the same voltage and are not pulled together, so there is no pull-in
instability. There is a small possibility of a side instability of the beam, but
if the aspect ratio of the cross section is high such that it has a high in-plane
stiffness and a low out-of-plane stiffness, pull-in will not occur even if hundreds
of volts are applied to the side electrodes.
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The elimination of the pull-in instability with electrostatic levitation is very
desirable for both electrostatic actuators and capacitive sensors. For actuators,
the actuation distance can be orders of magnitude larger than the anchor height,
whereas in traditional parallel-plate systems the beam motion is limited to one
third of the initial gap or less. For capacitive sensors, the voltage is not lim-
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ited by the pull-in instability anymore, and tremendously high voltages can be
applied to boost the output signal. The authors have previously obtained dis4

placements of almost 25µm with a MEMS cantilever that has an anchor height
of just 2µm. In the same study, 195V was applied to the side electrodes with
no pull-in failure or electrical damage to the device [18].

h3
b3

b12

h11

b11

h12

g

b2

Nitride
Substrate

Figure 1: Electrode configuration for electrostatic levitation with cantilever beam (blue), fixed
center electrode (green), and fixed side electrodes (red).
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In this study, a MEMS filter based on electrostatic levitation is introduced.
The filter has a similar structure to previous MEMS filters with a coupled actuator and sensor, except it uses the electrostatic levitation electrode arrangement.
It can be supplied with very high voltages because of the eliminated pull-in instability. The high actuating voltage creates a large amplitude resonance of the
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actuator, which increases the change in capacitance of the sensor. The sensing
voltage can also be increased significantly to boost the output signal. The advantage of this design is it does not have a theoretical limit on the amplitude
of the signal it can produce. If more signal is desired, a higher sensing voltage
can be applied and it should not negatively affect the dynamics of the filter.

110

The contribution of this study is to demonstrate the feasibility and advantages of electrostatic actuation and capacitive sensing with electrostatic levitation for the purpose of signal filtering. The filter is not limited by the trade
off between applied voltage and capacitance, which hinders the performance of
its parallel-plate counterpart. This can be very useful for any capacitive sensor
5
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or actuator that is limited by the pull-in instability. In Section 2 the design of
the filter is outlined. Section 3 derives a theoretical model of the system. The
experimental setup and methods are discussed in Section 4. In Section 5 the
results are discussed and analyzed. Finally, some concluding remarks are given
in Section 6.

120

2. Filter Design
The filter consists of two cantilever beams with the electrostatic levitation
arrangement in Figure 1. The two beams are connected with a serpentine coupling spring at the node of the cantilevers second mode. The beams, electrodes,
and coupling spring are made of polysilicon and deposited on a 0.5µm thick
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layer of silicon nitride to insulate them from the bulk silicon. The structure of
the filter is shown in Figure 2, and the dimensions are given in Table 1.
The filter is designed to use the second natural frequency of the cantilevers as
the passband. One very important characteristic of coupled oscillators, such as
this filter, is that they have ”symmetric” and ”asymmetric” modes and natural
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frequencies. Because the actuating and sensing beam have the same geometry
and are made of the same material, they should have identical natural frequencies (ignoring fabrication imperfections). The symmetric modes are when both
beams are oscillating at the same natural frequency and are in phase with each
other. In this case, the motion of the actuator and sensor are identical and the
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coupling spring remains undeformed. The asymmetric modes are when both
beams are moving at the same frequency, except they are 180 degrees out of
phase. Now, the coupling spring is deformed and adds more stiffness to the
system. Therefore, the asymmetric mode has a higher natural frequency than
the asymmetric modes. If the coupling spring is placed at a node of a given
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mode, the asymmetric natural frequency will be very close to the symmetric
frequency, which is desirable for filters to minimize passband rippling. The desired mode for the filter dictates where the coupling spring is located, which is
why it is placed at the node of the second mode. The second mode is chosen

6

Table 1: Beam parameters as shown in Figure 1

Parameter

Symbol

Value

Cantilever Length

L1

350µm

Beam Width

b3

18µm

Beam Thickness

h3

1.5µm

Beam Anchor Height

d

2.75µm

Electrode Side Gap

g

5µm

Center Electrode Width

b2

28µm

Side Electrode Layer 1 Width

b11

38µm

Side Electrode Layer 2 Width

b12

28µm

Side Electrode Start

Esi

10µm

Side Electrode End

Eei

263µm

Electrode Layer 1 Thickness (µm)

h11

0.5µm

Electrode Layer 2 Thickness (µm)

h12

2µm

Elastic Modulus

E

160GPa

Density

ρ

2330

Poisson’s Ratio

ν

0.22

Coupling Spring Location

Lc

274.2µm

Coupling Spring Width

bc

3µm

Coupling Spring Length 1

Lc1

70µm

Coupling Spring Length 2

Lc2

7µm

Coupling Spring Length 3

Lc3

30µm

n

5µm

Number of Spring Turns

7

kg/m3

instead of the first mode to increase the frequency of the passband. According
145

to a finite-element analysis of the filter model in Figure 2, the second symmetric
and asymmetric natural frequencies are 103kHz and 105kHz respectively. The
second asymmetric mode is shown in Figure 3.
One drawback of using the second mode is that the amplitude is much smaller
than the first mode. To mitigate this issue, partial side electrodes are used to
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boost the response of the second mode. It has been previously demonstrated
that the use of partial electrodes can be used to increase the amplitude of specific
modes if placed properly [23]. The height of the side electrodes is also increased
(Figure 1) to boost the strength of the levitation force and further increase the
amplitude.
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The electrical connections for the filter are slightly more complicated than
they are for a single isolated beam. Previously, the authors would ground the
beam and center electrode, and superimpose an AC and DC voltage on the side
electrodes to create electrostatic levitation [18, 19]. However, this can not be
done in this case because the filter requires a separate actuating signal and sens-
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ing voltage. Furthermore, the coupling spring is made from polysilicon, which
electrically connects the actuating and sensing beams. It is also important that
the input signal is completely isolated from the output signal so it does not feed
into the capacitive sensor either directly or through electrostatic induction. A
cross-section of the actuating and sensing electrodes with electrical connections
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are shown in Figure 4.
The sensor and actuator each have three electrodes; 1) the side electrodes
(treated as a single electrode), 2) the center fixed electrode, and 3) the beams.
As mentioned above, the beams are electrically connected together through the
coupling spring and must be the same voltage as the center fixed electrode for
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electrostatic levitation. The input signal must be applied to the side electrodes
of the actuator. If it was applied to the beam or center electrode, it would travel
to the capacitive sensor through the coupling spring and would not be filtered.
For a similar reason, the output signal must come from the sensor side electrodes
to avoid any influence from the input signal through electrostatic induction on
8
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the beam and center electrode. The sensing voltage is applied to the beam and
center electrode and serves multiple purposes. Most importantly, it provides
a voltage for the capacitive sensor. It also acts as the DC component for the
input signal on the actuator. This will significantly boost the actuator response,
which will generate a larger capacitance change of the sensor and more output
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signal. Lastly, it acts as an electrical shield between the input and output signal.
If the actuator and sensor side electrodes are sufficiently far from each other,
the only electrical path from the input signal to the output signal is through
the beam and center electrode. The voltage source for Vsense keeps the voltage
on the beam and center electrode constant, and prevents any signal from the
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input from passing through it.
Another complicating factor of this filter is that the multi-electrode sensor
creates multiple capacitances between each pair of electrodes. Figure 5 shows
this problem with the equivalent circuit diagram of the filter. Because the actuator and sensor act like two connected loops of capacitors, it is impossible
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to isolate a single capacitance to sense. However, the circuit diagram can be
reduced to simplify the electrical problem. In the same way that the side electrodes were treated as a single electrode because they are always given the same
voltage, the beam and center electrode can also be treated as a single electrode.
This simplifies the capacitance network into a simple set of two capacitors in
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series for the entire filter. In Figure 5, C23a and C23s are removed because they
have the same voltage on either side. Then, for the actuator, C13a and C12a are
two capacitors in parallel, which can be summed into a single capacitor Ca , and
a similar process can be performed with the sensor to give a single capacitor Cs .
The simplified filter circuit connected with a charge amplifying circuit is shown
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in Figure 6.
The circuit in Figure 6 is much easier to analyze. The simplified filter circuit
in the red box has just two capacitors and a single voltage source. The other
resistors, capacitor, and op-amp act as a charge amplifying circuit and are commonly used with capacitive sensors to obtain an electrical readout. If Rf is
sufficiently large, the output of the charge amplifier (Vout ) can be expressed by,
9

Vout =

Cs Vsense
Cf

(1)

Eq. (1) shows why increasing the sensing voltage boosts the output of the
sensor. Because pull-in is eliminated, Vsense can be increased to hundreds or
thousands of volts to boost the output signal. In conventional MEMS filters,
such as a comb drive filter, Vsense is limited by the lateral pull-in voltage. Comb
205

drive filters mitigate this issue by increasing the number of comb fingers to increase the capacitance, Cs , which also has a linear relationship with Vout . However, adding more fingers increases the size, which increases bulk manufacturing
costs, and adds mass, which lowers the natural frequency and causes the filter
to be more susceptible to inertial forces that could distort the output. The
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levitating filter does not need to make these trade-offs to increase the output
signal, because Vsense can be increased until the output reaches a satisfactory
level.

3. Model Derivation
To model the filter, Hamilton’s principle can be used. Hamilton’s principle
is a variational problem based on the principle of least action and is expressed
by,
Z

t2

[δT − δV + δWex ] dt = 0

(2)

t1

where δT is the variational kinetic energy, δV is the variational potential energy,
and δWex is the virtual work of external forces. To use Hamilton’s principle, all
relevant energies of the system must be quantified. The relevant energy terms
are given in Eqs. (3)-(7).
Tbeam

1
=
2

Vbeam =

1
2

L

Z



ρ1 A1 ẇ2 H (L1 − x) + ρ2 A2 ẇ2 H (x − L1 ) dx

(3)



2
2
E1 I1 wxx
H (L1 − x) + E2 I2 wxx
H (x − L1 ) dx

(4)

0

Z

L

0

10

Vspring =

1
1
2
2
kct (w(Lcs , t) − w(Lca , t)) + kcr (wx (Lcs , t) − wx (Lca , t))
2
2

Z

Ee1

δWelec =

 2

Vs fe δwH (L1 − x) dx +

Es1

Z

(5)

Ee2

 2

Va fe δwH (x − L1 ) dx

(6)

Es2

Z

L

[−c1 ẇδwH (L1 − x) − c2 ẇδwH (x − L1 )] dx

δWsqf d =

(7)

0

where Tbeam and Vbeam are the kinetic and bending strain energy of the beam
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respectively, Vspring is the strain energy of the coupling spring from bending and
twisting, δWelec is the virtual work from the electrostatic force (fe ), δWsqf d is
the virtual work from squeeze film damping, w is the transverse deflection of the
beam, L is the total length of the x-domain, Lcs is the location of the coupling
spring on the sensing beam, Lca is the location of the coupling spring on the
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actuating beam Vs and Va are the voltages applied to the sensor and actuator
respectively, kct and kcr are the transnational and rotational stiffness of the
coupling spring, and H(x) is the Heaviside step function. The kinetic energy
of the spring is ignored because it is placed at a node. This means it should
stay relatively still and only bend/twist for the asymmetric second mode. The
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electrostatic force, fe (w), is calculated in COMSOL and fit with a fifth order
polynomial.
The x-domain runs along the length of each beam. From Figure 2, each
beam has the same x-domain and are separated by a short distance in the
y-direction. However, to simplify the problem and avoid introducing another
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variable, y, into the problem, the x-domain is defined to run from the anchor
to the tip of the sensing beam before jumping to the anchor of the actuating
beam. The domain will be discontinuous at this point, but this is resolvable by
establishing a different set of boundary conditions at this point that depends
on the direction it is approached from. This will yield a total of eight boundary
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conditions, with four for each beam. There will also be four constraints at
the intersection of the coupling spring and beam (eight total). These state the
11

beam displacement and slope are continuous, and the shear force and moment
are balanced at this point. The total x-domain length, L, is twice the beam
lengths, L1 . In the energy terms from Eqs. (3)-(7), the Heaviside step function
240

is used to differentiate between each beam.
Taking the variation of Eqs. (3)-(5) and plugging everything into Eq. (2)
yields the boundary conditions, constraints, and governing equation of motion
[Eq. (8)]. The details of this procedure are outlined in the Appendix.

H(x − L1 ) ρ1 A1 ẅ + c1 ẇ + E1 I1 wxxxx

−Vs2

5
X





βj wj  + H(L1 − x) ρ2 A2 ẅ + c2 ẇ+

j=0

E2 I2 wxxxx − Va2

5
X


βj w j  = 0

(8)

j=0

where βi are the fitting coefficients for the electrostatic force. Eq. (8) has two
partial differential equations (PDE) separated by the Heaviside step function.
The first PDE governs the motion of the sensing beam and the second PDE
governs the motion of the actuating beam. These PDEs must adhere to the
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boundary conditions and constraints derived during Hamilton’s principle. One
small simplification that can be made to the governing equation is to set ρ1 =
ρ2 = ρ, A1 = A2 = A, etc. This can be done because the beams are assumed to
be identical and therefore have the same material properties and geometry.
Eq. (8) is nondimensionalized with the substitutions shown in Eq. (9).
r
w
x
t
ρAL4
ŵ =
x̂ =
t̂ =
T =
(9)
h3
L
T
EI
The governing equation is reduced into a set of coupled ordinary differential
equations (ODE) using Galerkin’s method. This assumes the beam response
can be represented as a linear combination of space dependent components,
φi (x), called mode shapes, multiplied by time dependent components, ηi (t).
For the filter, the first four modes are considered, which corresponds to the first
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and second symmetric and asymmetric modes.
ŵ(x̂, t̂) =

4
X

φi (x̂)ηi (t̂)

(10)

i=1

The mode shapes are determined by solving the eigenvalue problem of Eq. (8)
using the boundary conditions and constraints. This is performed numerically
in COMSOL using finite-element analysis. Eq. (10) is plugged into the nondimensionalied Eq. (8) yielding,
H(x̂ − L1 )

4
X

φi η̈i +

i=1
4
X

4
c X
φi η̇i +
EIT i=1

φixxxx ηi − Vs2

i=1

" 4
5
X
L4 βj hj−1 X
3

EI

j=0

+

φi η i

i=1

4
c X
φi η̇i +
EIT i=1
i=1
" 4
#j 
4
5
j−1 X
4
X
X
L βj h3
φixxxx ηi − Vs2
φ i ηi  = 0
EI
i=1
j=0
i=1

H(L1 − x̂)

4
X

#j 

φi η̈i +

(11)

Next, Eq. (11) is multiplied by φk and integrated over the x-domain. This
exploits the orthogonality condition of the mode shapes and decouples linear
terms. The orthogonality condition states,
Z x2
φi φk dx = 0

i 6= k

(12)

x1

where x1 and x2 are the boundaries of the domain. When Eq. (11) is multiplied
by φk and integrated over x̂, the only terms that remain are the linear terms
with φi when i = k and the nonlinear terms in the electrostatic force. If this
process is repeated for k = 1, 2, 3, 4, it results in four coupled nonlinear ODEs
in time, which are shown in Eq. (13).

" 4
#j
Z Ee1
5
X
X
4
2

η̈k + ck η̇k + λk ηk −
αjk Vs
φk
φi ηi dx̂
i=0

Es1

+Va2

i=1

Z

φk
Es2

13

"

Ee2

4
X
i=1

#j
φi ηi


dx̂ = 0

(13)

where
αjk

L4 βj hi−1
3
=
EImk

Z
mk =

1

φ2k dx

ck =

0

λ2k
Q

(14)

and λ2k is the k th natural frequency, and Q is the quality factor.
Eq. (13) is very difficult to solve efficiently. The nonlinear electrostatic force
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requires a numerical solution technique, and the four mode expansion inside the
fifth order polynomial makes efficient numerical techniques, such as shooting
method and harmonic balance, very difficult and tedious to implement. This
requires Eq. (13) to be integrated many times to obtain a frequency response,
255

which is very computationally inefficient. However, if the input signal is small,
the frequency response will be linear and the electrostatic force can be linearized.
If the force is linear, Galerkin’s method will result in four uncoupled linear ODEs
that can be solved analytically. This allows the solution to be obtained almost
instantly.
In this pursuit, the electrostatic force is linearized about its static equilibrium
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position using a Taylor Series. The nonlinear Eq. (13) can not be avoided
completely because it is still needed to find the static position of the beam,
but this can be done easily. The time dependent terms are dropped and a
solution in the form of a constant (Ck ) can be substituted in for ηk . This gives
265

four coupled algebraic equations for Ck , which can be solved very quickly using
Newton-Raphson’s method.
Once the static solution, ŝ, is known, the electrostatic force can be rewritten
as,
fe (ŵ) =

5
X

βj hj3 ŵj ≈ γ0 + γ1 ŵ

(15)

j=0

where
γ0 =

5
X
(1 − j)βj hj ŝj
j=0

γ1 =

5
X

jβj hj ŝj−1

(16)

j=0

Replacing the fifth order polynomials in Eq. (8) with Eq. (15), and repeating
Galerkin’s method yields,
η̈k + ck η̇k + λ4k ηk − Vs2 (A0k + A1k ηk ) − Va2 ((B0k + B1k ηk ) = 0

14

(17)

where
Aik =

L4 hi−1
3 γi
EImk

Z

Ee1

φ2k dx̂

Bik =

Es1

L4 hi−1
3 γi
EImk

Z

Ee2

φ2k dx̂

(18)

Es2

Eq. (17) can be solved analytically with the method of undetermined coefficients. The sensor voltage, Vs is given a constant voltage between 50V and
100V. The actuator voltage is a harmonic input signal superimposed on a DC
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voltage. The DC voltage is the same as Vs because of the wiring diagram shown
in Figure 4. The actuator frequency is stepped across the second symmetric and
asymmetric natural frequency to obtain the frequency response of the filter.

4. Experimental Setup and Methods
The filters are fabricated with PolyMUMPs standard fabrication [24]. The
275

electrodes and beams are made in polysilicon, which are insulated from the
bulk silicon with a 0.6µm thick silicon nitride layer. An image of a fabricated
filter is shown in Figure 7. To characterize the filter behavior, the dynamic
response of the filter is examined. The experimental set up to characterize the
frequency response of the filters is shown in Figure 8. The filters are place in a
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vacuum chamber and the pressure is reduced to around 400mTorr. A National
Instruments USB 6366 data acquisition system (DAQ) sends an AC signal to
the side electrodes of the actuator. A Krohn-Hite 7600 amplifier supplies a DC
voltage of 50V-100V to the beams and center electrodes. Instead of running the
sensor electrodes into a charge amplifying circuit like shown in Figure 6, these
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electrodes are grounded. A Polytec MSA 500 laser vibrometer measures beam
tip velocity and sends the data back to the DAQ.
The input signal to the actuator side electrodes is a stepped sine function
that sweeps across the second symmetric and asymmetric natural frequencies of
the filter. Because the MSA 500 is a single point vibrometer, this experiment
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is performed twice to measure the actuator and sensor tip velocities. The experimental data is compared to the results of the linear model, which are found
using the method of undetermined coefficients.
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Table 2: Beam parameters as shown in Figure 1

Mode

FEA Model

Experiment

1st symmetric

14.79kHz

12.23kHz

1st asymmetric

26.79kHz

21.11kHz

2nd symmetric

102.84kHz

83.52kHz

2nd asymmetric

104.55kHz

84.86kHz

5. Results and Discussion
Before the frequency response is obtained, the natural frequencies of the
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fabricated filters are extracted. The FEA model predicts a the second natural
frequencies should be around 100kHz, however fabrication imperfections will
inevitably affect these values. Therefore, a small white noise signal is placed
on the side electrodes of the actuator and the beam tip velocity is measured.
A fast-Fourier transform (FFT) is applied to the velocity signal to view the
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frequency spectrum. There will be large spikes at the natural frequencies of the
system. An FFT of the beam velocity is shown in Figure 9 and the extracted
natural frequencies are given in Table 2.
In Figure 9, there is some low frequency noise, which is ignored, and five
spikes in the frequency spectrum. The lower two, around 12kHz and 21kHz are
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the first symmetric and asymmetric natural frequencies of the filter. They are
far apart because the coupling spring is not located near the node of the first
mode, and therefore adds a significant amount of stiffness to the system for the
asymmetric mode. The highest two are the second symmetric and asymmetric
natural frequencies. These are very close together, which is desirable for filters
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to minimize passband rippling. There is a fifth spike around 78kHz, which
was not considered in the theoretical model outlined in Section 3. This is the
resonant frequency of the coupling spring. It was previously assumed that the
effective mass of the spring was negligible because it is located at a node and
should have almost no kinetic energy. While this is a good assumption when

16
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driving the system near its second natural frequencies, it is important to not
stray too far from this point so the assumption does not become invalid.
It is apparent in Table 2 that the FEA predicted natural frequency is about
20% higher than it is in the experiment. There are several reasons why this is
the case. First, there is some compliance of the support, which is not accounted
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for in the model. The lower anchoring stiffness causes a decrease in the natural
frequency. The beam is not completely flat either. There is a small dip in the
beam near the anchor, which can be seen in Figure 7. This happens because
the center electrode does not run all the way to the anchor of the beam. This
was done to keep the beam and center electrode electrically disconnected on the
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chip so a separate voltage could be applied to the beam if desired. Lastly, the
actual thickness of the beams was found to be slightly less than the intended
1.5µm. These imperfections cause the actual natural frequency to be notably
lower than the predicted natural frequency for a perfect beam. To account for
this, the natural frequencies from the experiment are inserted in the model for
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λ2k to account for these defects.
Next, the stepped frequency sweep is conducted. The frequency responses
at 0.75VAC for DC voltages (Vsense ) of 50V, 75V, and 100V are shown in Figure
10. The model and experiment show excellent agreement with each other. As
the DC voltage is increased, the mechanical response of the filter is not nega-
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tively affected. The natural frequencies increase slightly with DC voltage, but
more importantly the amplitude also increases. So not only does an increase
in voltage boost the electrical output according to Eq. (1), it also boosts the
mechanical response. This is a very promising result as the increase in voltage
does not have the downside of instability like it does in a parallel-plate capacitive
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sensor/actuator.
The next step would be to obtain an electrical readout of the filter. However,
an issue with the parasitic resistance and parasitic capacitance through the
silicon nitride becomes problematic in this case. One important part of the
PolyMUMPs fabrication procedure is the deposition of a thin silicon nitride
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layer that is used to isolate the electrodes from the bulk silicon and from each
17

other. While silicon nitride can have a very high resistivity in the GΩm range
[25], it still acts as a parasitic resistor that runs in parallel with the actuator and
sensor capacitors in Figure 6 (Ca and Cs ). If the resistance of the nitride is much
larger than the impedance of the capacitors, it will not be problematic. But for
350

the filter, the impedance of the sensor is too large (i.e. the capacitance is very
small), and an electrical readout of the filter is not possible. To demonstrate
this, the total capacitiance between center electrode/beam and side electrodes
is calculated in COMSOL (Figure 11).
One very surprising attribute of the levitating system is the increase in capac-
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itance as the beam moves upward, away from the side electrodes. It is expected
that as the beam moves away from the other electrodes, the capacitance should
decrease. However, with a levitating structure this is not the case. When the
beam is very close to the center electrode, the bottom face of the beam, and the
top face of the center electrode are ”shielded” from the side electrodes as there
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is only a very thin layer of air between them that the electric field can travel
through. As the beam moves upward, the bottom face becomes more visible to
the side electrodes. At the deflected position, more of the electric field from the
side electrodes can reach the beam because the bottom face is now exposed, and
the capacitance is increased. If the beam is pulled very far away from the side
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electrodes, eventually the capacitance will fall back down again, but this does
not occur in the range of gaps the filter is realistically capable of achieving, so
for this system it can be stated that the capacitance increases with gap.
The nominal capacitance of Cs is very small. The average capacitance per
unit length in Figure 11 is around 25fF/mm. Since the beams are approximately
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0.35mm long, this gives a nominal capacitance of less than 10fF. When driven
at 80kHz, the impedance of Cs is roughly 1.5GΩ. The effective resistance of
the nitride can be measured with a Keithley electrometer and is found to be
just 160MΩ, which is an order of magnitude lower than the impedance of the
sensor and actuator. This means the circuit diagram in Figure 6 effectively has
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a resistor across capacitors Ca and Cs , which connects the input signal and
sensing voltage to the inverting input of the op-amp. There is also notable par18

asitic capacitance through the silicon nitride to the polysilicon substrate, which
gives the input signal another route to bypass the capacitive sensor, Cs . This
results in a considerable DC component of the op-amp output (from Vsense )
380

and a significant portion of the input signal bypassing the filter. While the DC
component can be eliminated by applying a small voltage to the non-inverting
input of the op-amp, the leakage of the input signal can not be mitigated because it is at the same frequency as the desired signal output. Because of these
issues, an electrical readout could not be obtained in the experiment using the
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PolyMUMPs fabrication procedure. This problem can be mitigated by depositing a more effective isolation layer between the electrodes and bulk silicon, such
as 1-2µm of silicon dioxide.
Despite the issue with obtaining an electrical readout of the filter experimentally, the sensor output can be estimated theoretically using the capacitance

390

data in Figure 11. The beam tip displacement for each mode is extracted from
the model and multiplied with the corresponding mode shape. All four modes
are summed to give the profile of the deformed beam. The beam deflection at
each point along the beam can be used with the capacitance data in Figure
11 to get the capacitance per unit length, which can be integrated along the
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portion of the sensor beam that is adjacent to the side electrodes to get the
total capacitance. The peak-to-peak change in capacitance can be used with
Eq. (1) to estimate the peak-to-peak voltage output of the capacitive sensor
when hooked up to the charge amplifying circuit in Figure 6. The frequency
response of the calculated peak-to-peak output signal is shown in Figure 12.
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The output signal frequency response shows an increase in output voltage
with sensing voltage. At 50VDC the output is just 4.3mV at the resonant peaks
and quickly drops below 0.1mV when away from resonance. The dynamic amplitude of the beam at the resonant peak for 50VDC is only 0.6µm, which corresponds to a change in capacitance of about 0.09fF. To account for the very
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small capacitance, the sensing voltage can be increased to boost the output signal. Doubling the sensing voltage to 100V doubles the dynamic amplitude to
1.27µm at the resonant peak, which corresponds to a change in capacitance of
19

0.17fF and an output voltage of 17.6mV. By doubling the sensing voltage, the
sensor output is quadrupled because it boosts both the dynamic response of the
410

beam, which increases the capacitance, and the output of the capacitive sensor
according to Eq. (1).
A 17.6mV output signal from a 0.75V input correlates to an insertion loss
of approximately 32.6dB, which is significantly larger than most other MEMS
filters that have insertion losses in the 2-8dB range [26, 27]. However, with a
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0.1pF feedback capacitor and a bias voltage of 441V, the output of the filter can
be boosted up to 0.75V (assuming the change in capacitance is around 0.17fF
as it is for the case of 100V bias), which has virtually no signal loss from the
input. The levitating structure is designed to withstand voltages in this range,
so creating a zero-loss MEMS filter using this structure should be possible.

420

In some applications, applying 441V is not feasible, which would make using
this filter unrealistic if the desire is to have no loss of signal. To reduce the
voltage needed for a zero-loss filter, a similar tactic that is used in comb drives
to increase the capacitance can be used in the levitation filter. Many fingers
can be added to the capacitive sensor to increase capacitance, and reduce the
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required bias voltage. In previous studies, a microphone [28] and accelerometer
[29] were made using this concept and provided readable output signals from
a levitating capacitive sensor. A similar approach can be used for the filter,
although this comes at the cost of increase the size.
While the the total output signal is still relatively small for the voltage levels
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, the results show that the output signal can be boosted by increasing the sensing
voltage without the possibility of triggering pull-in.

6. Conclusion
In this study a capacitive MEMS filter that uses electrostatic levitation is
introduced. This filter can be supplied with very high voltages because it does
435

not suffer from the pull-in instability. 100V was applied to the filter without
failure or mechanical damage. The high voltage boosts the output of the filter

20

by increasing the dynamic amplitude of the actuating beam and increasing the
charge induced on the sensing electrodes of the sensor. Doubling the applied
voltage quadrupled the output voltage of the sensor because of these two effects.
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This is very promising for MEMS filters and all capacitive sensors that have
their performance hampered by the pull-in instability by removing the voltage
limitation. It is also promising for capacitive filters in high voltage applications,
demonstrating they can be miniaturized to sizes that are similar to their low
voltage counterparts.
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Appendix
Hamilton’s principle is frequently used to derive the governing equations
of motion for dynamic systems. However, another advantage of Hamilton’s
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principle is that boundary conditions and constraints for continuous systems
can be derived as well. This happens naturally when evaluating Eq. (2) and
will be outline here.
First, the variation of the kinetic and potential energies given in Eqs. (3)(5) are evaluated. The variation can be seen like a derivative and is calculated
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in a very similar way. These are shown in Eqs. (19)-(21). For simplicity,
the evaluations are only carried out for the sensor beam (beam 1). These are
identical for the actuating beam and are not shown here.
L

Z

[ρ1 A1 ẇδ ẇH (L1 − x) + ...] dx

(19)

[E1 I1 wxx δwxx H (L1 − x) + ...] dx

(20)

δTbeam =
0

Z
δVbeam =

L

0

δVspring =kct (w(Lcs , t) − w(Lca , t)) × (δw(Lcs , t) − δw(Lca , t))+
kcr (wx (Lcs , t) − wx (Lca , t)) × (δwx (Lcs , t) − δwx (Lca , t))
21

(21)

Eqs. (19)-(21) are plugged into Eq. (2) and coefficients of δw, δ ẇ, ,δwx , and
δwxx are grouped together. However, both δ ẇ and δwxx can be transformed
460

into δw by using integration by parts on the time (dt) and spatial (dx) integral
respectively. This is shown in Eqs. (22) and (23) for one term each.
"Z

t2

Z

#

L1

(ρ1 A1 ẇδ ẇ) dx dt =
0

t1

Z

L1

t2

(ρ1 A1 ẇδw) dx −
t1
0
#
Z t2 "Z L
(ρ1 A1 ẅδw) dx dt
0

t1

Z

t2

"Z

(22)

#

L1

(E1 I1 wxx δwxx ) dx dt =
t1

0

Z

t2

t1


E1 I1 wxx δwx

L1
0

− E1 I1 wxxx δwx

Z

L1

L1
0

+
#

(23)

E1 I1 wxxxx δwdx dt
0

In Eqs. (22) and (23), the terms inside both the time and spatial integral that
are multiplied by δw are used to derive the governing equation of motion [Eq.
(8)]. For Hamilton’s principle all the remaining terms must be equal to zero.
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These terms can be used to derive the boundary conditions and constraints,
with the exception of the second term in Eq. (22), which is zero because both
δw(t1 ) and δw(t2 ) are zero. The boundary conditions are shown in Eqs. (24)
amd 25).
−
w(0, t) = wx (0, t) = wxx (L−
1 , t) = wxxx (L1 , t) = 0
+
w(L+
1 , t) = wx (L1 , t) = wxx (L, t) = wxxx (L, t) = 0

22

(24)

+
−
+
w(L−
cs , t) − w(Lcs , t) = wx (Lcs , t) − wx (Lcs , t) = 0
+
−
+
w(L−
ca , t) − w(Lca , t) = wx (Lca , t) − wx (Lca , t) = 0

+
E1 I1 wxxx (L−
cs , t) − wxxx (Lcs , t) + kct (w(Lcs , t) − w(Lca , t)) = 0

+
E1 I1 wxx (L−
cs , t) − wxx (Lcs , t) + kcr (wx (Lcs , t) − wx (Lca , t)) = 0

+
E2 I2 wxxx (L−
ca , t) − wxxx (Lca , t) + kct (w(Lca , t) − w(Lcs , t)) = 0

+
E2 I2 wxx (L−
cs , t) − wxx (Lcs , t) + kcr (wx (Lca , t) − wx (Lcs , t)) = 0

(25)

In Eqs. (24) and (25) the + and - superscript refers to the direction that the
470

point is approached from. There are 16 total boundary conditions, which includes 8 constraints at the ends of the coupling spring. These equations are used
to solve the eigenvalue problem for the mode shapes and natural frequencies.
However, for simplicity the eigenvalue problem is solved using FEA in COMSOL
and all subsequent integrals in the model analysis are calculated numerically.
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Figure 2: Layout of the filter with geometric parameters.
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Figure 3: The second asymmetric mode shape calculated in COMSOL. The solid black lines
show the undeformed position of the filter.
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Figure 4: Electrical connections to the filter. Vsense is the voltage used for capacitive sensing.
In this case, it is also used to boost the motion of the actuator, and shield the output signal
from being distorted by the input signal.
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Figure 5: Equivalent circuit of the filter. The wire colors and numbers correspond to the
electrodes in Figure 4.

Rf

Signal
In

Simplified Filter
Ca
Cs

Vsense

+
-

Cf
+

Ro

Vout

Rf

Figure 6: Simplified filter circuit (red box) connected to a charge amplifying circuit.
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Figure 7: Optical image of a fabricated filter.
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Figure 8: Experimental setup for the mechanical characterization of the filters.
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2nd symmetric and
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Coupler natural frequency

Figure 9: FFT of the actuator tip velocity when excited by a small white noise signal and no
DC voltage. The spikes show the natural frequencies of the filter.
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Figure 10: Frequency response of the sensing and actuating beam at 0.75VAC and a VDC of
a) 50V, b) 75V, and d) 100V. Both model and experiment show excellent agreement with each
other.

34

Capacitance [pF/mm]

0.03
0.028
0.026
0.024
0.022
0.02
0

5

10

15

Beam Deflection [ m]
Figure 11: Capacitance per unit length between the center electrode/beam and side electrodes.
This is the equivalent capacitance for both Ca and Cs in Figure 6
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Figure 12: Calculated peak-to-peak signal out from the filter circuit in Figure 6 using Eq.
(1) for 0.75VAC and a sense voltage of 50V, 75V, and 100V. The feedback capacitor (Cf ) is
assumed to be 1pF.
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